GEOMETRIC INTERPRETATION OF DOUBLE SHUFFLE 
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<D 

XS*^ ' Abstract. This paper gives a geometric interpretation of the generalized 

(including the regularization relation) double shuffle relation for multiple L- 
values. Precisely it is proved that Enriquez' mixed pentagon equation implies 
the relations. As a corollary, an embedding from his cyclotomic analogue of 
the Grothendieck-Teichmuller group into Racinet's cyclotomic double shuffle 
group is obtained, ft cyclotomically extends the result of our previous paper 
|F3I and the project of Deligne and Terasoma which are the special case N = 1 
of our result. 
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0. Introduction 

Multiple L- values L(ki, • • • , k m ; Ci, • • • , Cm) are the complex numbers defined by 
the following series 

Ail /-n m 

(0.1) L(h,--- ,£™;Ci,--- ,Cm):= E V I, 

n ^ - ^ 11 i • • • TXtn 
0<ni<---<n m 1 

for to, k\,. . . , k m <E N(= Z>o) and Ci>- • • )Cm G //jv(:the group of N-th roots of 
unity in C). They converge if and only if (k m ,(m) 7^ (1, !)• Multiple zeta values 
are regarded as a special case for N = 1. These values have been discussed in 
several papers |AK1 IBK1 iGl IR] etc. Multiple L-values appear as coefficients of the 
cyclotomic Drinfel'd associator <£^ z (jl.5|) in [73"^+!: the non-commutative formal 
power series ring with N + 1 variables A and B(a) (a g Z/NZ). 

The mixed pentagon equation (|1.3[) is a geometric equation introduced by En- 
riquez [E] . The series <S>^ Z satisfies the equation, which yields non-trivial relations 
among multiple L-values. The generalized double shuffle relation (the double shuffle 
relation and the regularization relation) is a combinatorial relation among multiple 
L- values. It is formulated as (|2.2[) for h = ^xz- ^ is Zhao's remark [Z] that for 
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specific N's the generalized double shuffle relation does not provide all the possible 
relations among multiple L-values. 

Our main theorem is an implication of the generalized double shuffle relation 
from the mixed pentagon equation. 

Theorem 0.1. Let f/^jy+i be the universal enveloping algebra of the free Lie al- 
gebra 3n+i with variables A and B(a) (a € Ti/NZ). Let h be a group-like element 
in U^n+i with c B ^(h) — satisfying the mixed pentagon equation (jl.3[) with 
a group-like series g G U^2- Then h also satisfies the generalized double shuffle 
relation (|2.2j) . 

As a consequence we get an embedding from Enriquez' cyclotomic associator 
set Pseudo(N, Q) (definition II. 4p defined by the mixed pentagon (|1.3|) and the 
octagon (jl.4p equations into Racinet's double shuffle set DMR(N, Q) (definition 
I2.ip defined by the generalized double shuffle relation (|2.2j) . 

Theorem 0.2. For N > 0, Pseudo(N, Q) is embedded into DMR(N, Q). In more 
detail, we have embeddings of torsors 

Pseudo M (N,Q) C DMR M (N,Q) 

for (a, /i) € (Z/iVZ) x x Q and of pro- algebraic groups 

GRTM (IA) (N,Q) c DMR M (N,Q) 

(for GRTM(i tl) (N,Q) see definition\U$) . 

It might be worthy to note that we do not use the octagon equation to show 
Pseudo(N,Q) C DMR(N, Q). By adding distribution relations fli~7f to both 
sides, we also get the inclusion Psdist( 0i/J ) (N, Q) C DMRD( a ^(N,Q) (for their 
definitions see remark H~7l and l2~2|) . 

The motivic fundamental group of the algebraic curve G m \/xjv is constructed and 
discussed in |DG| . It gives a pro-object of the tannakian category of mixed Tate 
motives (constructed in loc.cit.) over Z[/x/v, ^-/N], which yields an action of the mo- 
tivic Galois group (: the Galois group of the tannakian category) Gal M (Z[/zjv , 1/iV]) 
on S'at+i- It was shown that the action is faithful for N = 1 in [Br] and N = 
2,3,4,8 in |De08j . The image of its unipotent part in Aut^M+i is contained in 
GRTMD(i ^(N, Q) and D <M RD (i, )(N ', Q), which follows from a geometric inter- 
pretation of the defining equations of GRTMD/i^(N, Q). It is a basic problem to 
ask if they are equal or not. 

The contents of the article are as follows: We recall the mixed pentagon equation 
in Sjl] and the generalized double shuffle relation in f}2] In <J3] we calculate Chen's 
reduced bar complex for the Kummer coverings of the moduli spaces Mqa and 
.Mo, 5- Two variable cyclotomic multiple polylogarithms and their associated bar 
elements are introduced in <21 By using them, we prove theorem 10.11 in ?|5j fj6] 
proves several auxiliary lemmas which are essential to prove theorem lO.il 

1. Mixed pentagon equation 

This section is to recall Enriquez' mixed pentagon equation and his cyclotomic 
analogue of the associator set [E] . 

Let us fix notations: For n ^ 2, the Lie algebra t„ of infinitesimal pure braids is 
the completed Q-Lie algebra with generators t^ (i ^ j, 1 ^ i,j ^ n) and relations 
t io = p 5 { t ij jt ik + tfk] _ and t«] _ o for all distinct i, j, k, I. 
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We note that t2 is the 1-dimensional abelian Lie algebra generated by t 12 . The 
element z n = Yli^i<j^ n ^ * s cen t ra l in tn- Put t« to be the Lie subalgebra of t n 
with the same generators except t ln . Then we have t n = t° © Q • z n . Especially 
when n — 3, t° is a free Lie algebra #2 °f rank 2 with generators A :— t 12 and 
B = t 23 . For a partially defined map / : {1, . . . , m} — > {1, . . . , n}, the Lie algebra 
morphism t n — >■ t m : x x^ = x^ W'--->f (") is uniquely defined by 



i'e/- 1 («).j'e/- 1 (j) 



Definition 1.1 ( [Drj ) ■ The associator set M(Q) is defined to be the set of pairs 
(H,g) € Q x exp $2 = expt" satisfying the pentagon equation in expt° 

(1.1) ff l,2,3y 2 ,3,4 = ^2,3,4^1,23,4^1,2,3 

and £u>o hexagon equations in exp ^2 — exp tg 
(1.2) 

S^M^) = 1, exp{^} ff (C, A)eM^}g(B,C)eM^}g(A,B) = 1 

with C = —A - B. For /j e Q, the set M M (Q) is the subset of M(Q) with 
(/i,flr) € M(Q). Particularly the set GRTi(Q) means M (Q). 

For any field k of characteristic 0, M(k) and GRT(k) are defined in the same 
way by replacing Q by k. 

By our notation, the equation (11.11) can be read as 

g(t 12 , t 23 + t 2i )g(t 13 + t 23 , t 3i ) = g(t 23 ,t 3 %(t 12 + t 13 , t 2i + t 3i )g(t 12 , t 23 ). 

In [Drj it is shown that GRT\ (Q) forms a group, called the Grothendieck- Teichmuller 
group, and the associator set M M (Q) with G Q x forms a Gi?7i(Q)-torsor. 

Remark 1.2. It is shown in |F2j that the two hexagon equations (11.21) are conse- 
quences of the pentagon equation (|1.1[) . 

Remark 1.3. The Drinfel'd associator <P KZ = $kz(A,B) e C{{A,B)) is defined 
to be the quotient <&kz — G\{z)^ 1 Gq{z) where Go and G% are the solutions of the 
formal KZ (Knizhnik-Zamolodchikov) equation 

| G(z) = ( i + JL )GW 

such that Go(z) « z A when z — > and Gi(z) « (1 — z) B when 2 — ► 1 (cf. Dr ). The 
series has the following expression 

$ XZ {A, B) = l + £(-l) m C(*i, ' • • . fcm)^'"- 1 ^ ■ ■ ■ A kl ~ 1 B 
+ (regularized terms) 

and the regularized terms are explicitly calculated to be linear combinations of 
multiple zeta values C(ki, ' ■ " , km) — L(ki, ■ . ■ , fc m ; 1, . . . , 1) in |F1| proposition 3.2.3 
by Le-Murakami's method LM . It is shown in (Dr] that the series belongs to 
M^(C) with fi = 27T\/— T. This is achieved by considering monodromy in the real 
interval (0, 1) and the upper half plane in .Mo, 4 (see $3| and the pentagon formed 
by the divisors y = 0, x = 1, the exceptional divisor of the blowing-up at (1,1), 
y = 1 and a; = in .Mo, 5 (see $3]). 
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For n ^ 2 and N ^ 1, the Lie algebra in,N is the completed Q-Lie algebra with 
generators 

t u (2^i^ n), f(a) y (z ^ j, 2 i,j^n,ae Z/ATZ) 

and relations 

t(a) %1 = t(-a) ji , [t(a) ij ,t(a + b) tk + t{by k ] = 0, 

[t u + t« + ]T t(c)«,t(o) tf ] = 0, [i 1 *,^' + ^ t(c) 1 -'] - 0, 

cGZ/AfZ cGZ/AfZ 

[i ll ,i( a )J fe ] = and [i(a) lJ , i(&) w ] = 

for all a, b E Z/NZ and all distinct i, j, k, I (2 ^ i,j,k,l ^ n). We note that 
t^i is equal to t„ for n ^ 2. We have a natural injection t„_i,Ar t^jy. The Lie 
subalgebra f n ,jv of t^jy generated by i 1 ™ and i(a) m (2<i<n-l, a£ Z/NZ) 
is free of rank (n — 2)N + 1 and forms an ideal of t nj Ar. Actually it shows that 
i n .N is a semi-direct product of f n ,N and tn_x,iv- The element z„jv = Si<i<j^n ^ 
with t % i = J2aez/NZ *( a ) y ' (2 ^ i < j < n) is central in t„,Ar. Put t° N to be 
the Lie subalgebra of t^jy with the same generators except t ln . Then we have 
in.N — t„ N © Q • 2; n ,Af- Occasionally we regard w as the quotient t^jv/Q ■ z n ,iv- 
Especially when n = 3, t° ^ is free Lie algebra 3n+i of rank N + 1 with generators 
A := t 12 and B(a) = t{a) 23 (a G Z/NZ). 

For a partially defined map / : {1, . . . , m} — > {1, . . . , n} such that /(l) = 1, the 
Lie algebra morphism t„ at — > t m at x h ► = ar^ W'---^ ( n ) is uniquely defined 

by 

i / e/- 1 W,i'6/- 1 (j) 

and 

(t w)/= x ' :/ • i E E 'M'"'"' 

j'ef-Hi) f,j"ef- 1 (J)^z/NZ 

+ E E *( c ) lY (2<J<»). 

i'^ie/- 1 (i).i'e/- 1 0')cez/ivz 

Again for a partially defined map g : {2, ...,m} — > {l,...,n}, the Lie algebra 
morphism t„ — > t^jv a; H >• a; 9 = a; 9 C 1 )'— >s (™) is uniquely defined by 

{t lJ ) 9 = E i (°) lY 
i'e9~ 1 ( i )J'£fl ,_1 0') 

Definition 1.4 ([Ej). The cyclotomic associator set Pseudo(N,Q) is defined to 
be the collection of Pseudo( a ^(N, Q) for (a,/i) g Z/NZ x Q which is defined to 
be the set of pairs (g, h) with g e exp# 2 and h = J2w-.vmTd c w[h)W € exp#jv+i 
satisfying g G A/ M (Q), CB(o)(h) = 0, the mixed pentagon equation in expt" ^ 



(1.3) 



^1,2,34^12,3,4 = 2,3,4^1,23,4^1,2,3 
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and the octagon equation in expjjv+i 

(1.4) h(A, B(a), B{a + 1), . . . , B(a + N - l))" 1 cxp{^|^}- 

h(C, B(a), B{a - 1), . . . , B(a + 1 - N)) exp{^}- 
h(C, B{0), B(N - 1), ... , B(l)) - 1 cxp{^l}. 
h(A, 5(0), 5(1), ...,B(N- 1)) exp{^} = 1 

with A + J2aez/NZ B ( a )+C = 0- 

By our notation, each term in the equation (jl.3l) can be read as 

^1,2,34 = ^(^2^23(0) + t 24 (Q)j f 23 (1) + . . . , f23(JV - 1) + t 2i (N - 1)), 

^12,3,4 = h(j .l3 + ^ t 23 (c), i 34 (0), i 34 (l), . . . , t 3i (N - 1)), 

g 2 ^ = g(t 23 (0),t 3 \o)), 

h l,23,4 = h{t l2 + t 13 + t 23 (c), t 24 (0) + i 34 (0), . . . , t 2 \N - 1) + t 3i (N - 1)), 

c 

/i 1 ' 2 ' 3 = /i(t 12 ,i 23 (0),t 23 (l), . . . , t 23 {N - 1)). 

Remark 1.5. In loc.cit. the cyclotomic analogue ^xz ^ ex P : 5A r +i(C) of the 
Drinfel'd associator is introduced to be the renormalized holonomy from to 1 of 
the KZ-like differential equation 



aeZ/NZ A 



with ^ = exp{^^— !!}, i.e., = Hi 1 i?o where 7?o and i?i are the solutions 

such that H (z) z A when z ^ and iJi(z) « (1 - z) B (°) when z -> 1 (cf.[E]). 
There appear multiple L-values (jO.ip in each of its coefficient; 



(1.5) <P N KZ = l+^(-l) m L(fci, ••••/,„,:(•, $ m )A fe -- 1 J B(a m ) • • • A k ^ x B{ax) 

+ (regularized terms) 

with £i = Cat 2 " 1 ! •••) £m-i = C^™" '"- 1 and £ m = Civ° m j wnere tne regular- 
ized terms can be explicitly calculated to combinations of multiple L-values by 
the method of Le-Murakami |LMj . In [E] it is shown that (te,^2z) belongs to 
Pseudo^_ 1 27rV^T)(-^' ^-0- This is achieved by considering monodromy in the pen- 
tagon formed by the divisors y = 0, x = 1, the exceptional divisor of the blowing-up 
at (1, 1), y = 1 and x = in _Mq N $ (see $3]) to get (|1.3[) and in the octagon formed 
by 0, 1, oo and (n in M<y2 — GmX^N to get (|1.4p . 

Definition 1.6 ([E]). The set GRTM^^^N, Q) means the subset of Pseudo^ ^ (N, Q) 

satisfying the special action condition in exp tg w 

(1.6) 

A+ Ad(Tah- 1 )(B(a)) + Ad(h- 1 -h(C,B(0),B(N-l),...,B(l))yC)=0 

aeZ/NZ 
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where r a (a € Z/TVZ) is the automorphism defined by A H> A and B{c) i— > _B(c + a) 
for all c e Z/NZ. 

In loc.cit. it is shown that GRTMnx) (TV, Q) forms a group and and Pseudo^^ (TV 
with (a,/i) G (Z/TVZ) X x Q x forms a G_RTM (I)1) (TV, Q)-torsor. In the case of 
TV = 1 we have g = h and then M M (Q) = Pseudo M (N, Q) and Gi?Ti(Q) = 
GRTM(i t ij(N, Q). It is not known for general TV whether GRTM^ (TV,Q) is 
equal to Pseudo(i t o)(N, Q) or not. 

Let TV, TV' > 1 with N'\N. Put d = N/N'. The morphism 

is defined by t u M- dt 1 * and t ij '(a) n- ^'(a) (i ^ j, 2 s$ i, j s$ n, a € Z/NZ), where 
a € Z/N'Z means the image of a under the map Z/NZ —> Z/N'Z. The morphism 

is defined by t u i-> t u and t ij (a) i-> t ij (a/d) if d\a and t l \a) h-> if d \ a (i + j, 
2 ^ i, j ^ ft, a € Z/NZ). The morphism 7T/v.iV' (resp. Snn 1 ) ■ Ui.n — > tn,JV' induces 
the morphisms Pseudo( a ^ (TV, Q) — > Pseudo^^^N'^Q) which we denote by the 
same symbol 7r/vjv< (resp. Snn 1 )- Here a means the image of a by the natural map 
Z/TVZ Z/TV'Z. 

Remark 1.7. In [E] , the distribution relation in exptg ^y, 

(1.7) TTNN'{h) = eTip{c B ( )(ir NN <(h))B(0)}6 NN <(h). 

is also discussed and Psdist( a ^)(N,Q) (resp.GRTMD^i^^N, Q)) is defined to 
be the subset of Pseudo( a ^)(N,Q) (resp.Gi?TM(ii)(TV, Q)) by adding the dis- 
tribution relation (|1.7I) in exptg ^ for all N'\N. In loc.cit. it is shown that 
GRTM -0(1,1) (TV, Q) fomrs a group and and Psdist M (TV, Q) with (a, /i) e (Z/TVZ) x 
Q x forms a GRTMD^^N, Q)-torsor and the pair (^kz^kz) belongs to it with 
(a,n) = (-l,27r7=T). ' 

Remark 1.8. In jEFj it is proved that the mixed pentagon equation (|1.3|) implies 
the distribution relation (|1.7|) for TV' = 1 and that the octagon equation (|1.4[) follows 
from the mixed pentagon equation (|1.3[) and the special action condition for TV = 2. 
It is also shown that the duality relation shown in [B] is compatible with the torsor 
structure of Psdist(2, Q) and a new subtorsor Psdist + (2, Q) is discussed in [EFj . 

2. Double shuffle relation 

This section is to recall the generalized double shuffle relation and Racinet's 
associated torsor [R]. 

Let us fix notations: Let $y n be the completed graded Lie Q-algebra generated 
by Y n ,a (n ^ 1 and a 6 Z/TVZ) with degF„ !a = n. Put U$y n its universal 
enveloping algebra: the non-commutative formal series ring with free variables Y n , a 
(n ^ 1 and a e Z/TVZ). 

Let 

tty ■ U'Sn+i -> U$ Yn 
be the Q-linear map between non-commutative formal power series rings that sends 
all the words ending in A to zero and the word A rim ~ 1 B(a m ) ■ ■ ■ A" 1 " 1 B(ai) 
(ni , . . . , n m ^ 1 and a\ , . . . , a m € Z /TVZ) to 

(_l\my y v 
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Define the coproduct A* of U$y n by 

A*(y n>0 )= Yl Y k.b®Yi iC (n > and a € Z/NZ) 

k-\-l=n^b-\-c—a 

with Y"o,a := 1 if a = and if a ^ 0. For h — Ylw-.vtord c w{h)W € U$n+i, define 
the series shuffle regularization 

h* = h corr ■ TTyih) 

with the correction term 



r (—1)" 

(2.1) h COII = exp ( Y c An -i B ^(h)Y lfi 

71=1 



Definition 2.1 ([R]). For N ^ 1, the set DMR{N, Q) is defined to be the set of 

series ft, = 2 W:word c w (h)W € expg'Ar+i satisfying c^(/i) = c s(0) (/i) = and the 
generalized double shuffle relation 

(2.2) A*(/i*) =/i*®/i*. 

For (a,/x) € Z/iVZ x Q, the set DMR( a ^){N, Q) is defined to be the subset of 
DMR(N, Q) defined by 

TV - 2fc 

(2.3) CB (fea) (/l) - CB(_ fea) (ft) = iv _ 2 {cB(a)O) - C S( _ a )(/l)} 

for 1 ^ k 7V/2 and 

f241 lcAB(o)(h) = £ ifJV = l,2, 

\c s(a) (/i)-c B (-a)(/i) = - ii w^ ifAf>3. 

In loc.cit. it is shown that DMR(i ^(N, Q) forms a group and DMR^ a ^(N, Q) 
with (a,/x) G (Z/AT) X x Q x forms a DMR { i fl) (N, Q)-torsor. 

Remark 2.2. In [R, DMRD(N, Q) (resp. DMRD M (N,Q)) is introduced to 
be the subset of DMR(N, Q) (resp. DMR^^(N, Q)) by adding the distribu- 
tion relation (|1.7[) in expt" jy, = exp^Tv+i for all AT'|iV. The series belongs 
to DMRD( a41 )(N,Q) with (a,/i) = (— 1, 27T\/— T) because regularized multiple L- 
values satisfy the double shuffle relation and the distribution relation (loc.cit). It is 
shown by Zhao [Z that for specific iV's all the defining equations of DM 'RDt ai A (N, Q) 
do not provide all the possible relations among multiple L- values. 



3. Bar constructions 

This section reviews the notion of the reduced bar construction and calculates 
its 0-th cohomology for Mq2 an d ■Mq 5 • 

We recall the notion of Chen's reduced bar construction [C]. Let (A* = (B^L A q , d) 
be a differential graded algebra (DGA) . The reduced bar complex B* (A) is the ten- 
sor algebra ©~ {A')® r with A* = ®™_ A l where A = A 1 /dA° and A 1 = A l+1 
(i > 0). We denote di ® ■■ • ® a r {a,i € ^4*) by [ai| • • • \a r ]. The degree of elements 
in B'(A) is given by the total degree of A*. Put Ja — (— l) p ~ 1 a for a e A p . Define 

fe 

d'[ai| • • • \a k ] = ^(-l) l [Jai| • • • | Jai-i\dai\a i+ i\ ■ ■ ■ \a k ] 
i=i 
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and 

k 

d"[ai\ ■ ■ ■ \a k ] = ^(-l) l_1 [Jai| • • • \Jdi-i\Jdi ■ a i+1 \a l+2 \ ■ ■ ■ \a k }. 
i=i 

Then d! + d" forms a differential. The differential and the shuffle product (loc.cit.) 
give B'(A) a structure of commutative DGA. Actually it also forms a Hopf algebra, 
whose coproduct A is given by 

r 

A([ai| • • • \a r ]) = y^[ai| • • • |o s ] ® [a s+ i| • • • \a r ]. 

For a smooth complex manifold Ai, fl*(A4) means the de Rham complex of 
smooth differential forms on Ai with values in C. We denote the 0-th cohomology 
of the reduced bar complex B' (il(Ai)) with respect to the differential by H°B(Ai). 

Let Mo,4 be the moduli space {(xi, • • • ,x±) e (P^) 4 ^ 7^ xj(i 7^ j)} / PGL2(C) 
of 4 different points in P 1 . It is identified with {z e P^l 2 7^ 0, l,oo} by sending 
[(0, z, 1, 00)] to z. Denote its Kummer ./V-covering 

G m V A r = {zeP^|z Ar ^0,I,Oo} 

by Mq N ^ . The space H°B(M^2) is generated by 

cj := d\og(z) and ujq := d\og(z — £) (( € /x/v). 
We have an identification H°B(A4q2) with the graded C-linear dual of U$n+i, 

H°B(M ( $)~ur N+1 ®C, 

by Exp fiW := 2 X im ■ ■ ■ A 41 ® [w im | ■ ■ ■ K] G ^W®Q^B(^m)- 

Here the sum is taken over m ^ and «i, • • • , i TO € {0} U /xjv an d A = A and 
A^ = -B(a) when C — Cat- ^ is easy to see that the identification is compatible 
with Hopf algebra structures. We note that the product h ■ I2 G H°B(A4q 4 ) for li, 
h G H n B{M { ^) is given by «!-/ 2 (/) := E; M/i^M/f) for / G E/ffjv+i ® C with 
^(/) = J2i fi^ ® /i*^- Occasionally we regard H®B{M^) as the regular function 
ring of Fat +1 (C) = {.g G fJ&v+i <g> C\g : group-like} = {g G J/^jy+i <g> C| 5 (0) = 
l,A(g) = g®g}. 

Let .Mo, 5 be the moduli space {(xi, ■ ■ ■ ,x$) G (P^) 5 ^ 7^ Xj(« 7^ j)} / PGL2(C) 
of 5 different points in P 1 . It is identified with {(x,y) G G^|x 7^ 1, y 7^ 1, xy 7^ 1} 
by sending [(0, xy, y, I, 00)] to (x,y). Denote its Kummer iV 2 -covering 

by jM^'. It is identified with Wn/C x by (x, y) n- (xy, y, I) where 

= {(Z2, z 3 , zi) G G m |zf 7^ zf (i 7^ j)}. 
The space H°B (Ai^) is a subspace of the tensor coalgebra generated by 

cj m := dlogz; and u itj {a) := dlog(z; - Cat^) (2 < i, j ^ 4, a G Z/AT). 
Proposition 3.1. We /icwe an identification 
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Proof . By [K], H°B(W N ) can be calculated to be the 0-th cohomology H°B*(S) 
of the reduced bar complex of the Orlik-Solomon algebra S* . The algebra S' is the 
(trivial-) differential graded C-algebra S' = ®^ S q defined by generators 

uj± t i — dlogZi and uiij(a) — d\og(zi — Cn z j) (2 ^5 ^ 4. a £ Z/NZ) 

in degree 1 and relations 

U)i,j(a) = Uj ti (-a), u)ij(a) A {u ik (a + b) + oj jk {b)} = 0, 

{oj u + wij + uj(c)ij} A cj(a)ij = 0, 

cez/wz 

uj li A{u lj + ^2 w ( c )jj} = 0> 

cSZ/TVZ 

urn A u){a)jk — and u{a)ij A uj(b)ki = 

for all a,b E Z/NZ and all distinct i, j, k, I (2 ^ i, j, k, I ^ n). By direct calculation, 
the element 

4 

hi ® Wxi + fy (a) ® Wjj (a) € (t 4 , Ar) dcs=1 ® S" 1 

i=2 2<i<j<4,aeZ/JVZ 

yields a Hopf algebra identification of -ff°-B(Wjv) with (J/t^jv)* ® C since both are 
quadratic. 

By the long exact sequence of cohomologics induced from the G m -bundle Wn — > 
M ( N 5 ] = W N /C X , we get 

-> H^M^) -> ^(Wjv) ->■ ff'(G m ) -> 

and 

iTCM© ~ if^) (i > 2). 

It yields the identification of the subspace i2' .B(,M^ ) ) of ff°J(Wjv) with (C/t^ at)*® 
C. " □ 

The above identification is induced from 

Exp n ( 5 N) := t'm ■ ■ ■ * Ji ® ^ I ' ' ' IwjJ G ^4, N§>QH B(M i Q I l ) ) 

where the sum is taken over m ^ and Ji, • • ■ , J m € {(1, i)|2 ^ i ^ 4}U{(i, j, a)\2 ^ 
i<js:4,ae Z/NZ}. 

Especially the identification between degree 1 terms is given by 

4 

^5 = ^tudlogzi + Y X! t i,j{a)dlog(z i _ Gv z j) 

1=2 2<i<j<4 aeZ/NZ 
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In terms of the coordinate (x,y), 

tt { 5 N) = t 12 d\og(xy) + t 13 d\ogy + t 23 (a)d\og y(x - Q) 

a 

+ tm{a)dlog(xy - Cn) h^dlogiy - (%) 

a a 

= t 12 d\ogx + ^2t 23 {a)d\og(x - (%) + (t 12 + t 13 + t 23 )d\ogy 

a 

+ J2 Ma)^ log(y ~Cn)+J2 t ^ d lo ^ x y - Cat)- 

a a 

It is easy to see that the identification is compatible with Hopf algebra structures. 
We note again that the product l r l 2 G HPBiM^) iorh, l 2 € H°B(Mo^) is given 
by h ■ W) := hif^MfP) for / e Ut% ® C with A(/) = J2 z fjp ® /« (A: 
the coproduct of lit® N ). Occasionally we also regard H°B(M.q N 5 > ) as the regular 
function ring of (C) = {g 6 Ut\ N (8 C\g : group-like}. 

By a generalization of Chen's theory [C] to the case of tangential basepoints, 
especially for M. = Mq2 or , we have an isomorphism 

p : H°B{M) ~ I (M) 

as algebras over C which sends Y^i=u m ... i x ) c -f [ w « m I ' ' ' l^u] ( c i e C) to ^ 7 c/It J" o w im o 
• • • o . Here Y] r cj It J un m o ■ • - o uj^ means the iterated integral defined by 

(3.1) E C/ / w im (7(t m ))-Wi m _ 1 (7(t m _i))----Wi 1 (7(ti)) 

7 J0<ti<— <t m _i<4 m <l 

for all analytic paths 7 : (0,1) — > Ai(C) starting from the tangential basepoint 
o (defined by ^ for M = M^' and defined by ^ and for .M = M^') at 
the origin in .M (for its treatment see also |De89) ?15) and I (A4) stands for the 
C-algebra generated by all such homotopy invariant iterated integrals with m J? 1 
and oj ii: .. .,cu im £ Hjj R (M). 



4. TWO VARIABLE CYCLOTOMIC MULTIPLE POLYLOGARITHMS 

We introduce cyclotomic multiple poly logarithms, Li a (£(z)) and Li aj b(C( ;E )j V(y))i 
and their associated bar elements, and if^u which play important roles to 
prove our main theorems. 

For a pair (a, £) with a = (ai, • • • , a fc ) € Z> and C = (Cii • • • > Cfc) witn Ci € 
the group of roots of unity in C (1 ^ i ^ k), its weight and its depth are defined to be 

wt(&,() =oiH ha fc anddp(a, () = k respectively. Put Q{x) = (Ci, • • • , C*-l> Ckx). 

Put z £ C with |z| < 1. Consider the following complex analytic function, one 
variable cyclotomic multiple polylogarithm 

(4.1) £uc»):= E V -l- ■» ■ 

U<mi<---<mfc - 1 - re 1 re 
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It satisfies the following differential equation 

C 



-^-£i a (C(z)) = <| 7^Z7 Li (ai,- ,a fe -i)(Cl, ■ • • , Cfe-2, Cfe-1^) if Ofe = 1, fc 7^ 1, 



dz 



if afe = 1, fc = 1. 



It gives an iterated integral starting from o, which lies on I (M.^2). Actually by 
the map p it corresponds to an element of the Q-structure U$* N+1 of H°B(Ai^2) 
denoted by It is expressed as 

( 4 - 2 ) 'a = (— 1 ) fc [^o| ■ ■ ■ M) K-i I w 1 • • • |w K-w |w | |w |w c -i... c -i]. 

Ofc-1 aji_i-l 

By the standard identification /U ~ Z/NZ sending £jv = cx p{^^^} ^ 1; for a 
series ip = ^2 w . wmd cw{<-p)W it is calculated by 

l i(<P) = ^ l ) kc A a k-^B{-e k )A a k-i- 1 B(-e k ^e k ^ 1 )-A^i- 1 B{-e k ei)^) 

with 6 = 0? (e t EZ/NZ). 

For a = (ai,-- - ,a fe ) e Z* , b = (&!,■■■ ,&,) e Z l >0 , ( = (Ci, - - • ,Cfc). *7 = 
(771 , ...,r]i) with Cii^j € and a;, y € C with \x\ < 1 and \y\ < 1, consider the 
following complex function, the two variables multiple polylogarithm 

(4.3) Li^ h (C(x),v(y)) ■= 2^ ak _ x - bi — ■ 

0< mi <-<m k m l m k-l m k '"I-" n l-l n l 
<ni <•••<«; 

It satisfies the following differential equations. 
(4.4) 



^Li a , b (C(x),??(y)) 



( l Li { au - .ofc-LOfc-ij.bCCCa;)) v(y)) if a k ^ 1, 

^TZ^ Li (ai,- ,a fc _!),b(Cl, • • • , Cfe-2, Cfc-lZ, »y(j/)) - + cf^) ■ 

^(oi,-,o fc _i,6i),(6 2 ,-,6i)(Cij • ■ ■Ck-i,CkVix,m,-- .,m-i,my) 

if a fc = l,k ^ 1,1 ^ 1, 

^4^ii b (?7(y)) - (; + ^r^) Li (bi),(b2,-M)(Cimx,V2,---,vi-i,viy) 

if at = 1, fc = 1, Z ^ 1, 

^r^ £i (ai,- .afc-O.ii (Cl, • • • , Cfc-lZ, ??iy) - (l + • 

^(oi,-,o*_i,6i)(Ci) • • • Xk-iXkmxy) if a k = 7^ 1,/ = 1, 
^ ^h^ Li bi (my) - (§ + ^z^) (Cim^y) if a fe = 1, fc = 1, z = 1, 
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d 



, -Li &> b{C,{x),ri{y)) 
dy 

^Li a ^... A _ lM ^ 1) (C(x),fj(y)) iffy ^ 1, 

^z^ i «a,(6i,-,fe i _ 1 )(C( a:; ) ! J ?i; • • ■,'ni-2,'ni-iy) if h = i,z ^ 1, 

-U— Lt a (C(tfta^)) if&«=l,Z = l. 

By analytic continuation, the functions Li a) b(C(a;), v{y))i Lib,a.(fj{y)i C{ x ))i Li a (((x)), 
ii a (C(y)) and Li a (C(xy)) give iterated integrals starting from o, which lie on 
Io(M$). They correspond to elements of the Q-structure (Ut° 4N )* of H°B(M { N 5 } ) 

by the map p denoted by ^J^, Jb?'^* ' ^ (x) , ll {v) and zI (x!/) respectively. Note 
that they are expressed as 

(4-5) Yl ••■Kl 

/=(%,- >*l) 

for some m e N with c/ e Q and ^ e {f , ^, f , ^f^(C G Mat)}- 

5. Proofs of main theorems 



This section gives proofs of theorem IP. II and theorem I0.2I 

Proof of theorem IO.ll Let a = (ai, . . . , a^) € Z> , b = (6i, . . . , &;) G Z> , 
C = (Ci, • • • , Cfc) and r? = (rji, ...,?#) with e/i,vCC(K!0 and 1 < j < /). 
Put £(a;) = (Ci: ■ • ■ , Cfe-ij Cfc^) an d = (171, • • • , Vi-i, VW)- Recall that multiple 
polylogarithms satisfy the following analytic identity, the series shuffle formula in 

Li a (C») • Li b (fj(y)) = £ K{i%-^\ 

creSh<i(k,l) 

Here Sh^(k,l) := U^ =1 {ct : {1, • • • , k + 1} -> {1, • • • , iV}|cr is onto, o{l) < ■ ■ ■ < 
a(k), <r(k + 1) < • • • < er(fc + /)}, cr(a, b) := (ci, • • • , cjv) with 

a., + fot-fe if (T _1 (i) = {s,i} with s < t, 
a s if = {s} with s ^ k, 

b s ^k if cr = {s} with s > k, 

and cr(C(x), := . . . , zjy) with 

x s y t -k if cr _1 (i) = {s,t} with ,s < t, 
a; s if cr _1 (i) = {s} with s ^ fc, 

if cr _1 (i) = {s} with s > k, 

for Xi = Ci (i &)> Cfc^ (i = and j/j = 77^ (j 7^ i), 77^7/ (j = I). Since p is an em- 
bedding of algebras, the above analytic identity immediately implies the algebraic 
identity, the series shuffle formula in the Q-structure (f7t£ N )* of H°B(m[ N ^) 



Let (5, /i) be a pair in theorem 10.11 By the group-likeness of h, i.e. h e 
exp^jv+i, the product h 1 ' 23 ' 4 ^' 2 ' 3 is group-like, i.e. belongs to expt^. Hence 
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A(/*M d > 4 /iM' d ) = (^1,23,4^1,2,3)^1,23,4^1,2,3^ where A ig the standard coproduct 
of Ui%. Therefore 

z£<*> ■ ll^ih 1 ' 23 ' 4 ^' 2 ' 3 ) =G« a; )§^ (!/) )(A(/i 1 ' 23 ' 4 /i 1 ' 2 ' 3 )) 

l£ < i/r J:: ; /r J ; V /;;'' ; - :! ;. 

Evaluation of the equation (|5.1[) at the group-like element h > 23 ' h ,2 ' 3 gives the 
series shuffle formula 

(5.2) ikh)-im= e c£§w 

for admissible pairs Q (a, C) an d (b, 77) by lemma RTTl and lemma HT2l below because 
the group-likeness and (11.31) for /i implies Co(h) = 1 and c.a(/i) = 0. 

By putting l\' (h) := —T and l^' S (h) := l^(h) for all admissible pairs (a, £), the 
series regularized value li' (h) in Q[T] (T: a parameter which stands for logz. cf. 
[R] ) for a non-admissible pair (a, £) is uniquely determined in such a way (cf.[AK ) 
that the above series shuffle formulae remain valid for l^' S (h) with all pairs (a, £). 

Define the integral regularized value in Q[T] for all pairs (a, () by Z^ (/i) = 

l{{e TB{ ^h). Equivalently ^(h) for any pair (a, () can be uniquely defined in such 
a way that the iterated integral shuffle formulae (loc.cit) remain valid for all pairs 
(a,C) with l{' (h) := -T and li'^h) := Z£(/i) for all admissible pairs (a,C) because 
they hold for admissible pairs by the group-likeness of h (cf. loc.cit). 

Let L be the Q-linear map from Q[T] to itself defined via the generating function: 



(5.3) L(cxpT U ) = L(T")— = exp \ - E l]; 1 {h) 



n=0 




( = exp |t u -E^W : 

Proposition 5.1. Let h be an element as in theorem \0.1\ Then the regularization 
relation holds, i.e. Z£' (Zi) = L(/!>' 7 (/i)) for all pairs (a, £). 

Proof . We may assume that (a, Q is non-admissible because the proposition is 
trivial if it is admissible. Put 1™ = (1, 1, • ■ ■ ,1). When a = 1" and C, — 1", the proof 



is given by the same argument to |F3j as follows: By the series shuffle formulae, 

m 

£(-l) fc ij[&(ft) • l\Z:t' S (h) = (m + l)llZtl' S (h) 

for m ^ 0. Here we put l^' S (h) = 1. This means 

E (- 1 Wi CO • i' S (h)u h+l = E (™ + l)l{2?i S (h)u m . 

Put f(u) = X)«>o l{n' S (h)u n ■ Then the above equality can be read as 

d_ 
du 



Y,(-l)%'^(h)u k = ±log f(u). 



A pair (a, ( ) with a = (ai , ■ ■ ■ , aj;) and f = (£i , . • ■ , Cfc ) i s called admissible if (a^ , fj.) 7^ (1,1). 
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Integrating and adjusting constant terms gives 
]T lTn' S (h)u n = exp J I = exp J - £(-l) n # J (h) 

nJsO [ n^l J [ njjl 

because ^< s (/i) = fy(h) = l^h) for n > 1 and = = — T. Since 

llZ J (h) = t^fl, we get l{Z' S (h) =hjl{y(h)). _ 

When (a, () is of the form (a!l l , C'l') with (a', (') admissible, the proof is given 
by the following induction on I. By (|5.1|) . 

for h' = e T{t 23 (o)+t 24 (o)+t M (o)} ft i,23,4^i,2, 3 with k = dp ( a ,)_ The gr0 up-likeness 
and (| 1 . 3[) for ft, implies Cq(K) = 1 and ^(/i) = and the group- likeness and our 
assumption c B ^(h) — implies c B ^ n (h) = for n € Z>o- Hence by lemma 15751 
and lemma 

creSh<(fc,Z) 

Then by our induction assumption, taking the image by the map L gives 

Cih) . ^(h) = L(i^(h)) + e C( ( £;?) ,s w- 

Since and satisfy the series shuffle formula, L(?£ ,/ (/i)) must be equal 

to Z£' (ft), which concludes proposition 15. II □ 

Embed C^SVjv hito [/3at+i by sending Y m . a to — A m ^ 1 B(— a). Then by the above 
proposition, 



= ^(exp|-£/y(ft)«|.^(/ 1 )) 

= ;£(exp I -TY lfi + E ^-c A »-i m (h)Y£ \ ■ ir Y (h)) 

for all (a, Q because l\(h) = 0. As for the third equality we use 

(L <g)Q id) o (id (g) Q Z?) = (id (g) Q li) o (L (g) Q id) on Q[T] <g> Q J7&v+i. 

All /-^(/i^s satisfy the series shuffle formulae (|5.2[) . so the Z£(e _Ty " 1 '°ft*)'s do also. 

By putting T = 0, we get that Z£(ft*)'s also satisfy the series shuffle formulae for 

all a. Therefore A*(/i„) = h^h*. This completes the proof of theorem lO.il □ 
Proof of theorem 10.21 The first statement follows from theorem lO.il 
Let (g, h) € Pseudo( a ^ (N, Q) with (a, fi) <E (Z/NZ) X x Q. By comparing the 

coefficient of B(a) in the octagon equation (|1.4I) . 

-CB(0)(h) + | - c^C/i) + c B{0) (h) - — +c A (h) - c B{ _ a) {h) + c B{a) {h) = 0. 
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Thus C B (a)(h) - C B (-a){h) = - 

Next by comparing the coefficient of B{ka) in (|f .41) for 2 ^ fc ^ 

-c B ((k-i)a){h) - c A (h) + c B{ _ {k _ 1)a) (h) - ^ + c A (h) - c B{ _ ka) (h) + c B(ka) (h) = 0. 

Thus c B{ka) (h) - c B (-ka)(h) = c B{{k _ 1)a) {h) - c B (_ (fc _ 1)a) (/i) + §. 

By combining these equations we get (|2.3p and (|2.4p for AT ^ 3. Since we have 
CAB(g) = £ for g G M M (Q), we have flU]) for AT = 1,2 by cab(<?) = c AB(0) (h). □ 

6. Auxiliary lemmas 

We prove all lemmas which are required to prove theorem 10.11 in the previous 
section. 

Lemma 6.1. Let h G U$n+i with co(h) = 10 and c A (h) = 0. Then 

j|(x) (fc l,23,4 fc l,2,3) = jC( /l ) j 
^(^,23,4^1,2,3) = ;C (ft)) 
f C(x»)( ft l,23,4 ft l,a,3) = jC^) j 

g).fl(»)(fcWfcW) = ,2 W 
for any pairs (a, £) and (b, 77). 

Proof . Put Ut a iN the universal enveloping algebra of Consider the map 

■^0^5 ■Mqa induced lrom ^0,5 -> A^ ,4 : [(x%,--- ,15)] ^ ar2, £3,2:5)] . 
This yields the projection ^4 : t/t^ jy -» U^n+i sending t 14 7 t 24 (a) , t 34 (a) n- 0, 

t 12 1 — ^ A and £ 23 (a) i-> 5(a) (a G Z/NZ). Express Z£ as (fOJ). Since (p 4 ® 
id)(Expfif = Ex P n{ N \x) G f/^ +1 i Q i/° J B(X^ ) ) ~ 7I B(X^ ) )*®cff B(X^ 5 ) ), 
it induces the map 

which gives p|([f ]) = ] andpjQ^i]) = [^]- Hence 

p:(ii)=ii (a) - 

Then zl^ 1 ' 23 ' 4 /! 1 ' 2 ' 3 ) = ZiOp^ 1 ' 23 ' 4 ^ 1 ' 2 ' 3 )) = l£(/i) because p 4 (A 1,23 ' 4 ) = by 
our assumption c A (h) = 0. 

Next consider the map — > Mq N J induced from M.0,5 — > .Mo, 4: [(aci, • • • , £5)] i-> 
[(xi, £3, X4, X5)]. This induces the projection P2 : Ut® N -» U$n+i sending t 12 , t 23 (a), t 24 (a) h-> 
0, t 12 +t 13 + t 23 h> A and t 34 (a) i-> B(a) (a G Z/A/Z). Since (pa ® id) (Expft^) = 

Expfl{ N) (y) G ^ A r +1 § Q i7°S(X^ ) ) ~ ^^(X^V^c H B(M { N 5 y ), it induces 
the map 

which gives ^([f ]) = m and p5([^]) = [,#*-]. Hence 

rfal) = i£ {i,) . 

Then ^V 1 ^ 23 ^ 4 ^ 1 ' 2 ' 3 ) = fe^ 1 ' 23 ' 4 ^ 2 ' 3 )) = /£(/i) because paC/i 1 ' 2 ' 3 ) = 0. 



The symbol cq(/i) stands for the constant term of h. 
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Similarly consider the map — > induced from A^o,5 — > -Mo, 4: [{x\ , • • • ,2:5)] i-> 

[(a;i,X2,X4,X5)]. This induces the projection p 3 : lit® N -» U$n+i sending t 13 , t 23 (a), t 34 (a) h-> 
0, i 12 1— > A and t 24 {a) 1— > fl(a) (a € Z/iVZ). Since (p 3 <g> id) (Expft^ ) = 

Expfif i(a;y) G U$ N+1 ® Q H°B(M$) * H°B(M$y®cH°B(M§)), it in- 
duces the map 

which gives p* 3 ([%}) = [f + f ] and ^([^D = Ff^]- Hence 

Then li (xy) {h 1 - 23 ^ 1 ^ 3 ) = lifaih 1 ' 23 '^ 1 ' 2 ' 3 )) = li(h) because p^h 1 ^ 3 ) = by 
our assumption CA{h) = 0. 

Consider the embedding of Hopf algebras £1,2,3 : U^Sm+i ^ £^4 at sending A H> 
t 12 and B(a) M> t 23 (a) along the divisor {y — 0}. Since (ii.2,3 ® id)(Expfi^) = 

Expfif ) (^) 1 - 2 » 3 G [/t^Sq^S^ff) ~ ff°B(AO*®cff°£(AO, ^ in- 
duces the map 



1 



1,2,3 



if°B(A<W)^ff°B(AO 



which gives ^ 2>3 ([f ]) = il.a.ad^]) = ^, 2 , 3 ([ 2 t^]) = 0. Express 

and if^ as l|4.5l) . In the expression each term contains at least one ^ v _ y or 

^v+v** Therefore we have 



1,2,3 



Thus ll^'^ih 1 ' 2 ' 3 ) = i\ 2 3 (/i ( b ),fl(j/) )(/i) = and li {xy) (h 1 ' 2 ' 3 ) = i\ 2 3 (z£ (a5s/) ) (h) = 
0. 

Next consider the embedding of Hopf algebras £1,23,4 : £^3n+i Ut° N sending 
A 1 — ^ £ 12 + £ 13 + 1 23 and -B(a) i-» t 24 (a) + 1 34 (a) (geometrically caused by the divisor 
{x = 1}.) Since (^,23,4^) (Expfif) = Expttf ^z) 1 - 23 ' 4 G Utl N ® Q H°B(MQ) ~ 
H°B(M { Q N 5 ) )*®cH°B(M { Q N 4 > ), it induces the map 

which gives q, 23 , 4 ([f ]) = 0, *;, 23 , 4 ([^]) = = ],i;, 23> 4([#i 

and it,23,4([ ffi-xy a ]) = [^i]- As is same t0 the proof of [F3 lemma 5.1, 

can be deduced by induction on weight. Thus l^^ > '^ y \h 1,23 ' 4 ') — l^(h). Let 6 be 

the coproduct of H°B(M { N 5 } ). Express S(li[ x)Mv) ) = J2 t A ® 1" with degZ^ = m' t 
and deg?" = m'( for some m! i and m" such that m- + m" = wt(a,Q + wt(h,fj). 
If m" 7^ 0, I'llh 1 ' 2 ' 3 ) — because is a combination of elements of the form 
l*$' m and f e (xy) for some pairs (c,A), (d,/2) and (e,£). Since J^g^Xl ® 

^1,23,4^1,2,3) = ^Cg),^)) ^1,23,4 g ^1,2,3^ 

g).«») (fc W hW) = £ ^1,23,4) ® ^(^lAS) = ^(,^1,23,4) = g (fc)< 
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For the second equality we use the assumption co(h) = 1. □ 

Lemma 6.2. Let (g, h) £ U$2 x U$n+i be a pair satisfying co(h) = 1, ca{K) = 
and (jl.3p . Suppose that (a, C,) and (h,fj) are admissible. Then 

Proof . It follows co(g) — 1 by our assumptions co(h) — 1 and (11. 3|) . Con- 
sider the embedding of Hopf algebra 12,3,4 : U$2 <->• Ut® N sending A i-> i 23 (0) 
and -B 1 — ^ i 34 (0) (geometrically caused by the exceptional divisor obtained by 
blowing up at (x,y) = (1,1).) Since (i 2)3 ,4 ® id)(Expfif°) = Expfi^z) 2 - 3 ' 4 € 
t/t2 )Ar SQi?°B(^Wo,4) - ^BiM^Y^c^BiMoA), it induces the morphism 

i$ j3>4 : H°B(M$)) -> H°B(M 0A ) 

which gives »5 )3i4 ([fe]) = 0, i|, 3 ,4fe]) = [f ], i$, 3l 4([^s]) = (a ^ 0), 
^,3,4([f ]) = 0, ^ M ([t^]) = and S.mU^) = (a ^ 0), i* M ([2g^gS]) = 

(a € Z/NZ). In each term of the expression = 2z=(i m ... u) Prl^ml ' ' ' l^h 

the first component oji is always one of — , — , r ^ x _ and t a V _ for o^O because 
both (a, £) and (b, 77) are admissible. So i^ 3 4 (iJ) = unless m! i = 0. Therefore 

,g),0) ^2,3,4^1,23,4^1,2,3) = £ ,/ ^2,3,4)^,^1,23,4^1,2,3) = ^,0)^1,23,4^1,2,3) 

i 

by Co (5) = 1- So by our assumption, 

^,0)^1,23,4^1,2,3) = ^),0) ^2,3,4^1,23,4^1,2,3) = ^1,2,34^12,3,4^ 

By the same arguments to the last two paragraphs of the proof of lemma 16.11 

(6-1) ^,3,4GS U>) )=0, ^2,3,4^) =0, 

■* //»7fo),0)l - M »* f/Ofh — 7? 

'1,2,34^, a J ~~ 'b,a' 'l,2,34V l a ) — 'a 

for admissible pairs (a, £) and (b, fj), from which we can deduce 



^,0)^1,2,34^12,3,4) = Z gC( h) _ 

Lemma 6.3. Let /i G £^3n+i witft c (h) = 1 and c^(/i) = 0. Then 

Z O) (e T{^ (0)+t2 4 (0)+t 34 (0)}/il!2 3 >4/il!2i3) = 

i C(y)( e r{t 23 (0)+t«(0 ) + i ^(0 ) } /l l,23,4 /l l,2,3) = 
;O?/) (e T{ t 23 (0) +t -(0 )+ t-(0)}^l,23,4^1,2,3) = £,1 ^ 
7CW,f;(?/)^ e T{i 23 (0)+t 24 (0)+i 34 (0)}7 l l,23,4^1,2,3) _ ffi' 1 (fy 

for any pairs (a, £) and (b, ?})• 



□ 
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Proof . By the arguments in lemma I6TT1 and our assumption CA(h) = 0, 

;f(x)/ e T{t 23 (0)+t 24 (0)+t 34 (0)} /l l,23,4 /l l,2,3) = ^(p 4 ( e T{t 23 (0)+t 24 (0)+t 34 (0)} /l l,23,4 /l l,2,3NN 

=li(e TB (Vh) = li>*(h), 
=ll(e TB ^h) = ir(h), 

;C(^)( e r{i 23 (0)+t 24 (0)+i 34 (0)} /l l,23,4 /l l,2,3% = jC( p3 (' e T{t 23 (0)+t 24 (0)+i 34 (0)} ?l l,23,4 ft l,2,3-)- ) 

=li(e TB ^h) = li>'(h). 
By co(h) = 1, 

lC(x)Mv) ( e T{t 23 {0)+t 24 (0)+t 34 (0)} ^1, 23,4^1,2,3-) _ jC{x),fj{v) ( e T{t 24 (0)+t 34 (0)}^l,23,4-) 

=lH(e T ^h) = l^(h). 
As for the last equation, we use the following trick: 

g Tt 23 (0) e T{t 24 (0)+t 34 (0)}^l,23,4^1,2,3 _ e T{t 24 (0)+t 34 (0)} e Tt 23 (0)^l,23,4^1,2,3 
_ e T{t 24 (0)+t 34 (0)}^l,23,4 g Tt 23 (0)^l,2,3 

□ 

Lemma 6.4. Let (g,h) G U$2 X U$n+i be a pair satisfying co(h) = \, CA(h) = 
Cg( )i(/i) = for all n € N and (|1.3p . Suppose that (a, is admissible. Then 

^(y),C(a:)j- e T{t 23 (0)+t 24 (0)+t 34 (0)}^l,23,4^1,2,3-) _ ^ 

Proof . Express <S(Z^ ),C>) ) = Ei ^ ® l i with de S^ = K and degZf = mf for 
some and m" such that m\ + to" = wt(&, () + urf(b,?7). Since (a, is admis- 
sible, ?2 3 4(0 is °f the form a[^r| • • ■ I j^fj] with a € Q. But by our assumption 
c B(o) n {h) — 0, *2, 3,4(0 = unless = 0. Thus 

^(i/),C(3:)^ e T{t 23 (0)+t 24 (0)+t 34 (0)}^l,23,4^1,2,3-) 

_ ^(w),C(a:)^2,3,4 e T{t 23 (0)+t 24 (0)+t 34 (0)}^l,23,4^1,2,3^ 

By HU, 

^2,3,4 e T{t 23 (0)+t 24 (0)+t 34 (0)}^l,23,4^1,2,3 

_ e T{t 23 (0)+i 24 (0)+t 34 (0)} 5 2,3,4 /l l,23,4 /l l,2,3 
_ e T{t 23 (0)+t 24 (0)+t 34 (0)}^l,2,34^12,3,4 
_ e T{t 23 (0)+t 24 (0)} g Tt 34 (0)^l,2,34^12,3,4 
_ e T{t 23 (0)+i 24 (0)}^l,2,34 e Tt 34 (0)^12,3,4 

By (ED, 

^(y),C(a:)^ e T{t 23 (0)+t 24 (0)}^l,2,34 e Tt 34 (0) ^12,3,4-j _ jpiv), C(x) ^ e T{t 23 (0)+t 24 (0)} ^1,2, 34 j 

= g(e™(°)fc) = l£'(/*) = l£(fr). 
The last equality follows from the admissibility of (a, £) □ 
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